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Abstract-We establish optimal Lm-error estimate for a class of variational inequalities (VIs) 
with nonlinear source term, using a very simple argument mainly based on the discrete Lw-stability 
property with respect to the right-hand side in elliptic VIs. We also show that the same approach 
extends to the corresponding noncoercive problems and optimal uniform convergence order is obtained 
as well. @ 2002 Elsevier Science Ltd. All rights reserved. 
Keywords-variational inequalities, Nonlinear source term, Finite element, Lm-stability, Lm- 
error estimate. 
1. INTRODUCTION 
In this paper, we are concerned with the finite element approximation in the Loo-norm of varia- 
tional inequality with nonlinear source terms: find u E R such that 
a(W--)1 (f(?J),u--‘11), VVEK, (1.1) 
where R is a bounded smooth domain of W N, N 2 1, with boundary I’, K = {v E V such that 
v 5 II, a.e. in a}, V being the Sobolev space H,‘(R) (or Hl(fl)), a(., .) is a continuous and coercive 
bilinear form: for u, w E H’(a) 
a(u,w) = dx, (1.2) 
with aij(Z), ai( HO, i, j = 1,. . . , n, smooth coefficients satisfying the following conditions: 
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$J E W2*Oo(0) is an obstacle function such that 1c, > 0 on l? (in case of Dirichlet boundmy 
conditions) and $$ 5 0 on I’ (in case of Neumann boundary conditions). 
f(.) is a nondecreasing and Lipschitz continuous nonlinearity satisfying the following assump 
tion: 
(1.5) 
where Q is the Lipschitz rate of f(.) and @ is the constant defined in (1.4). 
Finally, (., .) denotes the inner product in L2(sZ). 
Loo-error estimate is a challenge not only for its practical and realistic reasons but also due to 
inherent difficulties of convergence in this norm. Moreover, the interest in using the Loo norm for 
the approximation of variational inequalities is that these are free boundary problems (see [1,2], 
for ample details). 
A lot of results on error estimates for the classical obstacle problems and variational inequalities 
were obtained in thii norm (cf., e.g., [3-61). H owever, very little is known regarding thii subject 
when it comes to VIs with right-hand side depending upon the solution (cf., e.g., [7,8]). 
In this paper, combining a reasonable assumption on the nonlinearity with an L”-stability 
property in discrete elliptic variational inequalities, we show that the optimal error estimate 
0(h2) logh12) established in [5] extends to the above class of VIs. 
2. THE CONTINUOUS PROBLEM 
2.1. Existence and Uniqueness for VI (1.1) 
It is well known that problem (1.1) has a maximum solution; any solution of thii problem is 
in W2>P(Q); 2 5 p < 00. (See [9,10].) 
Next, using assumption (1.5), we shall prove that such a solution coincides with the fixed point 
of a contraction, which will ensure uniqueness for this problem. Indeed, consider the following 
mapping: 
T: Lo3 (St) + L”(Q), 
w+Tw=C, (2.1) 
where C solves the following VI. Find C E K such that 
THEOREM 1. Let ll.llm denote the Loo norm. Then, under assumption (1.5), the mapping T is 
a contraction in LOO(R) with rate of contraction a//3. Therefore, T admits a unique fixed point 
which coincides with the solution of VI (1.1). 
PROOF. Let w,2?t be in Lao(0). We denote by C = Tw = a(f(w)); < = TtZ = a(f(tZ)). Setting 
@ = WP>llf(w) - f(w3or it follows that f(w) 5 f(G) + IIf - f(271)lloc < f(C) + aoQ, due 
to (1.4). Thus, using standard comparison results in coercive variational inequalities, we get 
~(f(w)) < a(f(C) + GO(Z)@) I a(f(C) + a. So, C I t + i9. Interchanging the roles of w and 6, 
we similarly get 5 < C + @ and, consequently, I(Tw - TG((, < (l/P)llf(w) - f(27)lloo. Finally, 
combining the Lipschitz continuity of f with (1.5), the proof of the theorem is completed. 1 
3. THE DISCRETE PROBLEM 
Let Sl be decomposed into triangles and let 7h denote the set of all those elements; h > 0 is the 
mesh size. We assume the family Q is regular and quasi-uniform. Let Vh denote the standard 
piecewise linear finite element space, and A be the matrix with generic coefficients a(pi,qj) 
where cpi, i = 1,2,. . . , m(h), are the basis functions of the space vh. Also, let Th be the usual 
restriction operator. 
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3.1. The Discrete Maximum Principle Assumption (d.m.p) 
We assume that the matrix A defined above is an M-matrix (cf. [ll]). 
3.1.1. The discrete variational inequality 
Let Kh = { 21 E V h such that v 5 Q$J}. We define the approximation of the solution VI (1.1) 
as follows: find uh E l& such that 
o(%,u---‘llh) 2 (f(uh),u--llh), vu E Kh. (3.1) 
3.2. Existence and Uniqueness for VI (3.1) 
Similarly to the continuous problem, using the d.m.p. one can prove that (3.1) admits a maximal 
solution. Furthermore, such a solution can also be characterized as the unique fixed point of a 
contraction in LOO(R). To show that, we proceed in the same way as in the continuous case. 
More precisely, we associate with VI (3.1) the following discrete fixed point mapping: 
Th : L”(R) - v,, 
W - T/,w = &, 
(3.2) 
where & = &(f(W)) E Kh solves the following coercive VI: 
~2 (<hjl) 21 - (‘h) 2 (f(w), v - ch) I kfv E i&,. (3.3) 
THEOREM 2. Under the d.m.p. and assumptions (1.5), the mapping Th is a contraction in Loo(O) 
with rate of contraction a/p. Therefore, T has a unique fixed point which coincides with the 
sohztion of VI (3.1). 
PROOF. It is exactly the same as that of Theorem 1. 
4. THE FINITE ELEMENT ERROR ANALYSIS 
As we announced earlier, to derive the optimal Loo-error estimate we use the sole discrete L”- 
stability property with respect to the right-hand side for elliptic VIs. Furthermore, we show that 
the present approach extends straightforward to the noncoercive corresponding problems. As a 
consequence of this, we shall see that the well-known noncoercive VI studied in [9] fits within 
this quite general frame work and the convergence order obtained in [8] is derived here in a well 
simpler and faster way. 
4.1. LOO-Discrete Stability for Elliptic VIs 
For g,B E LCO(R), we define & = ah(g) and & = ah(G) to be the solutions of VI (3.3) with 
right-hand sides g and Q, respectively. 
LEMMA 1. (See [12,13].) If g 2 3, then ah(g) 1 ah(#). 
THEOREM 3. Under the d.m.p. and conditions of Lemma 1, we have 
PROOF. Let Q = (l/p) 119 - 311,. Then, from (1.4), it is easy to see that 
gLB+ yllg - Bllm. 
So, due to Lemma 1, it follows that 
ah(g) 5 ah (9 + aO(z>@) 5 ah(g) + 9, 
and hence, 
ah (3) -ah(S) 5 9. 
Interchanging the role of g and 3, we also get 
ah(g) - ah (3) 5 a’, 
which completes the proof. 
(4.1) 
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4.2. LW-Error Estimate for VI (1.1) 
Let us first introduce the following auxiliary discrete variational inequality: find @ = &(f(U)) 
solution to 
a (ah, v- ch) 2 (f(u), 2, - Eh), Qv E #h, 
where U is the solution of the VI (1.1). 
LEMMA 2. 
IIU - fihII, 5 Ch2) log h12. (4.2) 
PROOF. It is a straightforward adaptation of [5], since tih = &(f(U)) is the piecewise linear 
approximation of U = a(f(U)). I 
Next, using Theorem 3, we shall see that the main result can be derived very simply. 
THEOREM 4. THE MAIN RESULT. Let u and Uh be the solutions of VIs (1.1) and (3.1), respec- 
tively. Then we have 
Ilu - U&_& 5 CP( log@ 
PROOF. Since tih = &(f(U)) and Uh = &(f(Uh)), combining the Lipschitz continuity assump- 
tion made on f(.) with Theorem 3 and Lemma 2, we get 
IIU - uhllm 5 lb - %!I, + IlGh - Uhllm b - adI, + Ilah(f(u)) - ah (f bh))II, 
< Cl?) log h(2 + $Ilf(u)-f(ah)ll,Ch2110gh12+$Ilu-uhl(,. 
Thus, using (1.5), the desired error estimate follows. m 
REMARK 1. THE EQUATION CASE. If the obstacle II, = +oo, problem (1.1) reduces to the 
semilinear equation a(U, v) = (f(U), v), Qv E V. Therefore, the approach developed in the present 
paper applies straightforward to this case, and hence, leads to the well-known convergence order 
lb - ‘Ilh((oo 5 Ch2( 1% h(. 
5. EXTENSION TO THE NONCOERCIVE CASE 
It is well known that the corresponding noncoercive VI can be solved by considering the 
implicit VI: 
b(U,V -u) >= (f(U)+XU,v-U), QvEK, (5.1) 
and in its finite-dimensional version by 
b (uh, ‘U- uh) 2 (f (uh) + Auhr 21 - uh) , vv 6 Kh, 
where the bilinear form b(u, v) = a(U, v) + X(U, v) satisfies the coercivity condition, i.e, 
a (v, v) + X (v, v) 2 &l12, 6 > 0, 
for X > 0 large enough (see [9]). 
(5.2) 
(5.3) 
Similarly to the coercive case, one can easily show in both the continuous and discrete cases the 
existence of a unique solution to the noncoercive VI. Let us describe this just for the continuous 
case (the discrete case being very similar) by considering the fixed point mapping 
TX : LW (i-i) + LW (cl), 
w --) Txw = CA, (5.4) 
where <A E K solves the following VI: 
b (CA, v - CA) 2 (f(w) + xw, v - CA) , VVEK. (5.5) 
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THEOREM 5. Under condition (l.S), the mapping TX is a contraction in L”(fl) with rate of 
contraction equal to (a + X)/(P + A). Therefore, TX has a unique fied point which coincides 
with the solution of VI (5.1). 
Moreover, one can also see that the discrete LW-stability (see Theorem 3) easily transfers to 
the case of the bilinear form b(., .). Indeed, let <Ah = &h(g) be the solution of the following 
discrete VI: 
b (bh, 2, - <Ah) 2 (g,v - bh) , vv E ]IQh. (5.6) 
THEOREM 6. Let the d.m.p. and conditions of Lemma 1 hold. Then, for g, j E Lw(R), we have 
5.1. Lw-Error Estimate for the Noncoercive Problem 
Let u be the solution of VI (5.1). Then, taking Ch = &(f(u)+XU) solution to the auxiliary VI: 
b (a/z, ‘U - %h) 1 (f(u) + Au, ‘U - iih) , vv E &, 
we get, as in Lemma 2, the intermediate error estimate 
))u - &,lloo 5 Ch’) logh12. (5.8) 
Finally, combining the above estimate with Theorem 6, we get the following optimal uniform 
convergence order. 
THEOREM 7. Let u and Uh be the solutions of VIs (5.1) and (5.2), respectively. Then we have 
lb - uhj, i Ch2( 1% hi2 
PROOF. The proof is exactly the same as that of Theorem 4. I 
REMARK 2. The noncoercive variational inequality studied in [8,9] is just a special case of 
problem (5.1). Indeed, it suffices to replace f(u) + Xu by f + Au, in which case the constant 
(c + X)l(P + A) b ecomes X/(/3 + X). 
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